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Abstract 

Numerical integration plays very important role in mathematics. In  this research, 
overviews on the most common Numerical integration methods, namely, 
trapezoidal Simpson’s1 ٣/ rule, Simpson’s 1/ 8rule and Weddle’s rule. Different 
procedures compared and tried to evaluate the value of some definite integrals. A 
combined approach of different integral rules has been  proposed for a definite 
integral to get more accurate value for all cases. 

This paper describes classical quadrature method for the numerical solution by 
using polynomial with some interpolation formulas in numerical integration. 

Keywords: Numerical integration; Classical quadrature formula; Trapezoidal 
rule; Simpson's 1/3 rule; Boole's rule; Weddle's rule. 

1 Introduction 

Throughout this paper, let k(t) be continuous on the interval [t1; t2]. Then 
evaluation of the definite integral maybe practically impossible or at least 
difficult, in this two cases we tried to solve it by numerical integration. N.I. is that 
the study of how the numerical value of an integral are often found. It is also 
called as quadrature which refers to finding a square whose area is the same as 
the area under the curve. The inverse process to differentiation in calculus is 
represented by 

 
2

1

( )
t

t
I k t dt                                 (1.1) 

Which means that the integral of a function k(t) with respect to the independent 

variable t evaluated between the initial values t = t1 and t = t2 (Equation (1.1)). 
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 In other word, it is mean evaluate the area under the curve of the function k(t) 
between the two vertical lines t = t1 to t = t2 and the x-axis. We will show that 
graphically in fig1. 

In the integration, the problem is how to evaluate the shaded area.  

 
Figure 1: Graphical representation of integral of a function k(s) 

 

The problem of integration is just reduced to the matter of finding shaded area. A 

better alternative approach might be to use a way that uses simple arithmetic 
operations to compute area. This approach is named as N.I. or numerical 
quadrature. N.I.M. uses an interpolating polynomial (I.P.)  Pn(t) in the place of 
k(t) which can be integrated analytically. We have seen several ways of numerical 
integration which replace the function k(t) by straight line or polynomial Pn(t). In 
this paper, we interest by the polynomial P7(t) of order 7. 

Thus 

2 2

1 1
7( ) ( )

t t

t t
I k t dt P t dt                              (1.2) 

s 

K(s) 
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After this brief introduction, we include a section of preliminaries and notation 
re-garding Newten-Gregory forward interpolation formula. We also, review some 
rule which have been deriving from this formula like Trapezoidal, Simpson's 1/3 
, Simpson's 3/8 , Boole and Weddle. In Section 3 we derive the 7B rule from this 
formula and we generalize it in Section 4. Finally, in Section 5 we discuss and 
comparing some problems. 

2  Preliminaries 

In this section, we use the general formula for solving N.I.  it is also called general 
quadrature formula. 

General Quadrature Formula. 

Let 𝐼 = ∫ 𝑔 𝑑𝑔 
௕

௔
, where g=k(s). Let k(s) be given for certain equidistant values 

of 𝑠 =  𝑠଴, 𝑠଴ + 2ℎ,...,𝑠଴ + 𝑘ℎ 

Suppose 𝑔଴, 𝑔ଵ , … … 𝑔௞ , 𝑘 are the entries corresponding to the arguments 

𝑠଴ = a, 𝑠ଵ = 𝑎 + ℎ, 𝑠ଶ = 𝑎 + 2ℎ , … . , 𝑠௞ + 𝑎 + 𝑘ℎ = 𝑏 

respectively. Then we obtain, [3] 

𝐼 = න 𝑔 𝑑𝑔 
௕

௔

=  න 𝑔௦𝑑𝑠 
௦బା௞௛ 

௦బ

 

We know,𝑢 =  
௦ି௦బ

௛ 
 

Or  𝑠 = 𝑠଴𝑑𝑠 = ℎ𝑑𝑢  

Limits: When  𝑠 =  𝑠଴, then  𝑢 = 0 

When 𝑠 = 𝑠଴ + 𝑘ℎ , then 𝑢 = 𝑘 

𝐼 =  න 𝑦 𝑑𝑥 =  න 𝑦௫బା௨௛ℎ𝑑𝑢 
௞ 

଴

௫బା௞௛ 

௫బ

 

= ℎ න ൤𝑔଴ +  𝑢∆𝑔଴ +  
𝑢(𝑢 − 1)

2!
∆ଶ𝑔଴ +

𝑢(𝑢 − 1)(𝑢 − 2)

3!
∆ଷ𝑔଴ + ⋯

௞

଴

+
𝑢(𝑢 − 1)(𝑢 − 𝑛+)

𝑛!
∆௞𝑔଴൨ 𝑑𝑢  
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= [𝑘𝑔଴ +
𝑘ଶ

2
∆𝑔଴ + ቆ

𝑘ଷ

3
−

𝑘ଶ

2
ቇ

∆ଶ𝑔ଶ

2!
+ ቆ

𝑘ଶ

4
− 𝑘ଷ + 𝑘ଶቇ

∆ଷ𝑔଴

3!

+ ቆ
𝑘ହ

5
−  

3𝑘ସ

2
+

11𝑘ଷ

3
− 3𝑘ଶቇ

∆ସ𝑔଴

4!
+ ⋯ ] 

This is the required Newton-Cotes method, general quadrature formula. When  

k = 1, 2, 3...... 

then we obtain the Trapezoidal rule, Simpson’s 1/3 rule, Simpson’s 3/8 rule 
respectively. There are some graphical examples of Newton-Cotes where the 
integrating function can be polynomials for any order-for instance, (a) straight 
lines or (b) parabolas. The integral can be approximated in one step or in a series 
of steps to develop accuracy as [3] 

Choosing interval size h = (b-a)/n, divide the interval [a, b] in to n intervals by 
means (n + 1) equally spaced point t0 = a, tn = b, ti = t0 + ih, i = 1, 2, …, n - 1 

and let gi = k(ti) for i = 0, 1, 2, …, n, the basic idea as we have seen in numerical 
integration is to replace the unknown tabulated function g = k(t) by an nth degree 
polynomial Pn(t) say Newten-Gregory forward interpolation formula and carry on 
the integration. Thus 

0

0

2 3
0 0 0 0

0

0

( )

( )

( 1) ( 1)( 2 )

2 3 ........(2 .1)
( 1)( 2 )...( 1)

...

n

n

b t

a t

t
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n

c
n

I k t d t

P t d t

c c c c c
g c g g g

h d c
c c c c n

g
n









         
  

        








 

Here the new variable is 0 ,
t t

c
h


 so 

dt
dc

h
  where 

b a
h

n


  

By changing n to different values various formulae is used to solve N.I. they are: 

 (i) If n = 1, then derivation of Trapezoidal rule formula. 

 (ii) If n = 2, then derivation of Simpson's 1/3 rd rule formula. 

 (iii) If n = 3, then derivation of Simpson's 3/8 th rule formula. 
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 (iv)If n = 4, then derivation of Boole's rule formula. 

 (v) If n = 6, then derivation of Weddle's rule formula. 

In this paper, we mainly focus on to demonstrating of the rule when n = 7 in N.I. 

3 Main results 

We start by using a function g = k(s) on the interval [s0, s7], and put the equation 
(1.2) in the equation (2.1) by taking n = 7, this means we have eight points and 
seven intervals, so the equation (2.1) becomes: 

න 𝑔𝑑𝑠 = ℎ න [𝑔଴ା

଻

଴

௦ళ

௦బ

𝑐∆𝑔଴ + 
𝑐(𝑐 − 1)

2!
∆ଶ𝑔଴ + 

𝑐(𝑐 − 1)(𝑐 − 2)

3!
∆ଷ𝑔଴ 

     + 
𝑐(𝑐 − 1)(𝑐 − 2)(𝑐 − 3)

4!
∆ସ𝑔଴  +

𝑐(𝑐 − 1)(𝑐 − 2)(𝑐 − 3)(𝑐 − 4)

5!
∆ହ𝑔଴

+
𝑐(𝑐 − 1)(𝑐 − 2)(𝑐 − 3)(𝑐 − 4)(𝑐 − 5)

6!
∆଺𝑔଴

+
𝑐(𝑐 − 1)(𝑐 − 2)(𝑐 − 3)(𝑐 − 4)(𝑐 − 5)(𝑐 − 6) 

7!
∆଻𝑔଴]𝑑𝑐 

    = ℎ න[𝑔଴ + 𝑐∆𝑔଴ +

଻

଴

ቆ
𝑐ଶ

2
−

𝑐

2
ቇ ∆ଶ𝑔଴ + ቆ

𝑐ଷ

6
−

𝑐ଶ

2
+

𝑐

3
ቇ ∆ଷ𝑔଴

 

  + ൭ቆ
𝑐ସ

24
−

𝑐ଷ

4
+

11𝑐ଶ

24
−

𝑐

4
ቇ ∆ସ𝑔଴ + ቆ

𝑐ହ

120
−

𝑐ସ

12
+

7𝑐ଷ

24
−

5𝑐ଶ

12
+

𝑐

5
ቇ ∆ହ𝑔଴൱

+ ቆ
𝑐଺

720
−

𝑐ହ

48
+

17𝑐ସ

144
−

5𝑐ଷ

16
−

137𝑐ଶ

360
−

𝑐

6
ቇ ∆଺𝑔଴

+ ቆ
𝑐଻

5040
−

𝑐଺

240
+

5𝑐ହ

144
−

7𝑐ସ

48
+

29𝑐ଷ

90
−

7𝑐ଶ

20
+

𝑐

7
ቇ ∆଻𝑔଴]𝑑𝑐           

 

= ℎ[𝑔଴𝑐 +
𝑐ଶ

2
∆𝑔଴ + ቆ

𝑐ଷ

6
−

𝑐ଶ

4
ቇ ∆ଶ𝑔଴ + ቆ

𝑐ସ

24
−

𝑐ଷ

6
+

𝑐ଶ

6
ቇ ∆ଷ𝑔଴

            + ቆ
𝑐ହ

120
−

𝑐ସ

16
+

11𝑐ଷ

72
−

𝑐ଶ

8
ቇ ∆ସ𝑔଴ + ቆ

𝑐଺

720
−

𝑐ହ

60
+

7𝑐ସ

96
−

5𝑐ଷ

36
+

𝑐ଶ

10
ቇ ∆ହ𝑔଴

+ ቆ
𝑐଻

5040
−

𝑐଺

288
+

17𝑐ହ

720
−

5𝑐ସ

64
+

137𝑐ଷ

1080
−

𝑐ଶ

12
ቇ ∆଺𝑔଴
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+ ቆ
𝑐଼

40320
−

𝑐଻

1680
+

5𝑐଺

864
−

7𝑐ହ

240
+

29𝑐ସ

360
−

7𝑐ଷ

60
+

𝑐ଶ

14
ቇ ∆଻𝑔଴]଴

଻

= ℎ ൤7𝑔଴ +
49

2
∆𝑔଴ +

539

12
∆ଶ𝑔଴ +

1225

24
∆ଷ𝑔଴ +

26117

720
∆ସ𝑔଴

       +
2499

160
∆ହ𝑔଴ +

30919

8640
∆଺𝑔଴ +

5257

17280
∆଻𝑔଴൨

 

  =
ℎ

17280
[120960𝑔଴ + 423360 (𝑔ଵ − 𝑔଴) + 776160(𝑔ଶ − 2𝑔ଵ + 𝑔଴)

          + 882000(𝑔ଷ − 3𝑔ଶ + 3𝑔ଵ − 𝑔଴) + 626808(𝑔ସ − 4𝑔ଷ + 6𝑔ଶ − 4𝑔ଵ + 𝑔଴) 

+ 269892(𝑔ହ − 5𝑔ସ + 10𝑔ଷ − 10𝑔ଶ + 5𝑔ଵ − 𝑔଴)

+161838(𝑔଺ − 6𝑔ହ + 15𝑔ସ − 20𝑔ଷ + 15𝑔ଶ − 6𝑔ଵ + 𝑔଴)

+5257(𝑔଻ − 7𝑔଺ + 21𝑔ହ − 35𝑔ସ + 35𝑔ଷ − 21𝑔ଶ + 7𝑔ଵ − 𝑔଴) ]

 

=
ℎ

17280
[5257𝑔଴ + 25039𝑔ଵ + 9261𝑔ଶ + 20923𝑔ଷ + 20923𝑔ସ

+ 9261𝑔ହ + 25039𝑔଺ +  5257𝑔଻]
 

=
7ℎ

17280
[751𝑔଴ + 3577𝑔ଵ + 1323𝑔ଶ + 2989𝑔ଷ +  2989𝑔ସ

+1323𝑔ହ + 3577𝑔଺ +  751𝑔଻].        
 

 

Put 𝐵 =
ଵ

ଵ଻ଶ଼଴
in above equation. That is, 

න
𝑔 𝑑𝑠 = 7𝐵ℎ[751𝑔଴ + 3577𝑔ଵ + 1323𝑔ଶ + 2989𝑔ଷ + 2989𝑔ସ

+1323𝑔ହ + 3577𝑔଺ + 751𝑔଻]

௦ళ

௦బ

 

So, we name equation (3.2) as 7B rule formula. 

4 Composite formula 

Now, we generalize this result by using the composite integration methods. We 
divide the interval [a, b] into a number of sub-intervals and evaluate the integral 
in each sub-interval by the 7B rule formula. 

We can derive composite formulae from average rule. If the range of integration 

is from a to a + nh = b, then this rule can be improved by dividing the interval 



 

 46 

Volume. 2, Issue 6, August  2024               ISSN: 2837-0260 (Online)            ٢٠٢٤أغسطس  ،العدد السادس ،المجلد الثاني  

[a, b] into sub-intervals of width 7h and apply 3.2 for each of the sub-interval. 
The sum of areas of all sub-intervals is the integral of the interval [a, b].Thus 
equation 3.2 becomes: 

න 𝑔 𝑑𝑠 = න 𝑔 𝑑𝑠 + න 𝑔 𝑑𝑠 + ⋯ … … … … . . න 𝑔 𝑑𝑠
௦௡

௦௡ି଻

௦ଵସ

௦଻

௦଻

௦଴

௦ళ

௦బ

 

7Bh൤
751𝑔଴ + 3577𝑔ଵ + 1323𝑔ଶ + 2989𝑔ଷ + 2989𝑔ସ + 1323𝑔ହ +

3577𝑔଺ + 751𝑔଻
൨ 

+7Bh[751𝑔଻ + 3577𝑔଼ + 1323𝑔ଽ + 2989𝑔ଵ଴ + 2989𝑔ଵଵ + 1323𝑔ଵଶ +
3577𝑔ଵଷ + 751𝑔ଵସ] 

7Bh[751𝑔௡ି଻ + 3577𝑔௡ି଺ + 1323𝑔௡ିହ + 2989𝑔௡ିସ + 2989𝑔௡ିଷ +
1323𝑦௡ିଶ + 3577𝑔௡ିଵ + 751𝑔௡] 

=7Bh[751(𝑔଴ + 𝑔௡) + 1502(𝑔଻ + 𝑔ଵସ + ⋯ … … . +𝑔௡ି଻) + 3577(𝑔ଵ + 𝑔଺ +
𝑔଼ + 𝑔ଵଷ + 𝑔௡ି଺ + 𝑔௡ିଵ) + 1323(𝑔ଶ + 𝑔ହ + 𝑔ଽ + 𝑔ଵଶ + 𝑔௡ିହ + 𝑔௡ିଶ) +
2989(𝑔ଷ + 𝑔ସ + 𝑔ଵ଴ + 𝑔ଵଵ + 𝑔௡ିସ + 𝑔௡ିଷ)]               (4.1) 

 

5 Problems 

Problem 5.1. Using table 1we will find the approximate value of  
11

1

ds

s   

Also, we find the exact solution and find the solution by using other method. 
Finally, we 

x 1 2 3 4 5 6 7 8 9 10 11 

y 1 1/2 1/3 1/4 1/5 1/6 1/7 1/8 1/9 1/10 1/11 

Table 1: value of s and g=k(s) =1/s 

 

Solution: We have a = 1, b = 11 and 10 intervals, then h = (b-a)/n= (11-1)/10=1. 

 

Thus we use (4.1) to find the Solution: 
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I = න
1

𝑠
𝑑𝑠

௦భబୀଵଵ

௦బୀଵ

= 7𝐵ℎ[751(𝑔଴ + 𝑔௡) + 1502(𝑔଻ + 𝑔ଵସ + ⋯ + 𝑔௡ି଻)  
+ 3577(𝑔ଵ + 𝑔଺ + 𝑔଼ + 𝑔ଵଷ + ⋯ + 𝑔௡ି଺ + 𝑔௡ିଵ) + 1323(𝑔ଶ

+ 𝑔ହ + 𝑔ଽ + 𝑔ଵଶ + ⋯ + 𝑔௡ିହ + 𝑔௡ିଶ) + 2989(𝑔ଷ + 𝑔ସ + 𝑔ଵ଴

+ 𝑔ଵଵ + ⋯ + 𝑔௡ିସ + 𝑔௡ିଷ)] 

=
7

17280
[751(𝑔଴ + 𝑔ଵ଴) + 1502(𝑔଻)  + 3577(𝑔ଵ + 𝑔଺ + 𝑔଼) + 1323(𝑔ଶ

+ 𝑔ହ + 𝑔ଽ) + 2989(𝑔ଷ + 𝑔ସ + 𝑔ଵ଴] 

  =
7

17280
൤751 ൬1 +

1

11
൰ + 1502 ൬

1

8
൰  + 3577 ൬

1

7
+

1

9
+

1

2
൰ + 1323(

1

3
+

1

6

+
1

10
) + 2989(

1

4
+

1

5
+

1

11
)൨ 

   = 2.47696 

Now, we find the exact solution  

න
𝑑𝑠

𝑠

ଵଵ

ଵ

= 𝑙𝑛(𝑠) |
11
1

= 𝑙𝑛(11) − 𝑙𝑛(1) = 2.397895. 

then, the absolute error of the above solution is: 𝑒 = |2.47696 − 2.397895| =
0.079015. 

 The solution by using Trapezoidal rule is:  

න
𝑑𝑠

𝑠

௦భబୀଵଵ

௦బୀଵ

=
ℎ

2
[(𝑔଴ + 𝑔௡) + 2(𝑔ଵ + 𝑔ଶ + ⋯ + 𝑔௡ିଵ)] 

=
1

2
൤1 +

1

11
+ 2(

1

2
+

1

3
+

1

4
+

1

5
+

1

6
+

1

7
+

1

8
+

1

9
+

1

10
൨ 

= 2.474423 

The absolute error of Trapezoidal rule is: 𝑒 = |2.47696 − 2.397895| =

0.079015. Using Simpson's 
𝟏

𝟑
 

න
𝑑𝑠

𝑠

௦భబୀଵ

௦బୀଵ

=
ℎ

3
[𝑔଴ + 4(𝑔ଵ + 𝑔ଷ + 𝑔ହ + ⋯ + 𝑔௡ିଵ)

+ 2(𝑔ଶ + 𝑔ସ + 𝑔଺ + ⋯ + 𝑔௡ିଶ) + 𝑔௡] 
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=
1

3
൤1 + 4 ൬

1

2
+

1

4
+

1

6
+

1

8
+

1

10
൰ + 2 ൬

1

3
+

1

5
+

1

7
+

1

9
൰ +

1

11
൨ 

= 2.410726 

𝑒 = |2.410726 − 2.397895| 

𝑒 = 0.012831 

Using Simpson's 
𝟑

𝟖
 

=
3ℎ

8
[𝑔଴ + 2(𝑔ଷ + 𝑔଺ + 𝑔ଽ + ⋯ ) + 3(𝑔ଵ + 𝑔ଶ + 𝑔ସ + ⋯ ) + 𝑔௡] 

=
3

8
൤1 + 2 ൬

1

4
+

1

7
+

1

10
൰ + 3 ൬

1

2
+

1

3
+

1

5
+

1

6
+

1

8
+

1

9
൰ +

1

11
൨ 

= 2.394358 ≈ 2.39436 

𝑒 = |2.394538 − 2.397895| 

𝑒 = 0.003357 

Weddle's  rule 

න
1

s

ଵଵ

ଵ

ds =
3h

10
[g଴ + 5gଵ + gଶ + 6gଷ + gସ + 5gହ + 2g଺ + 5g଻ + g଼ + 6gଽ

+ gଵ଴]. 

3

10
൤1 +

5

2
+

1

3
+

6

4
+

1

5
+

5

6
+

2

7
+

5

8
+

1

9
+

6

10
+

1

11
. ൨ 

e=[2.4231 − 2.397895] =0.025205 

Classical quadrature formula 

I = න
𝑑𝑠

𝑠

௦భబୀଵଵ

௦బୀଵ

 

Solution: given data 𝑎 = 1, 𝑏 = 11 and 𝑘(𝑠) =
ଵ

௦
 Gauss Quadrature 2-point 

formula 

I =
𝑏 − 𝑎

2
[𝑤ଵ𝑘(𝑠ଵ) + 𝑤ଶ𝑘(𝑠ଶ)] 

Where, 𝑠ଵ =
௕ି௔

ଶ
𝑍ଵ +

௕ା௔

ଶ
 



 

 49 

Volume. 2, Issue 6, August  2024               ISSN: 2837-0260 (Online)            ٢٠٢٤أغسطس  ،العدد السادس ،المجلد الثاني  

               𝑠ଶ =
𝑏 − 𝑎

2
𝑍ଶ +

𝑏 + 𝑎

2
 

𝑤ଵ = 𝑤ଶ = 1 

𝑍ଵ =
−1

√3
       ,      𝑍ଶ =

1

√3
 

𝑠ଵ =
11 − 1

2
൬

−1

√3
൰ +

11 + 1

2
=

−5√3

3
+ 6 

𝑠ଶ =
11 − 1

2
൬

1

√3
൰ +

11 + 1

2
=

5√3

3
+ 6 

I =
𝑏 − 𝑎

2
ቈ𝑤ଵ𝑘 ቆ

−5√3

3
+ 6ቇ + 𝑤ଶ𝑘 ቆ

5√3

3
+ 6ቇ቉ 

I =
11 − 1

2
൦(1) ൮

1

−5√3
3

+ 6

൲ + (1) ൮
1

5√3
3

+ 6

൲൪ 

   = 2.168674 

e = |2.16867 − 2.397895| = 0.229225 

 

6 Conclusion 

Comparing Our Proposed Numerical Integration Method (7B rule) to the various 
numerical integration formulas from above using the absolute errors,  

the estimates of the area under the curve is accurate as the estimates of  the S.1/3 
R., S. 3/8 R. and Trapezoidal rule. 
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